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Basket Creation vs. Trading

» In lecture 3, we discussed a few ways to construct a
mean-reverting basket.

» In this and the next lectures, we discuss how to trade a
mean-reverting asset, if such exists.



Stochastic Control

» We model the difference between the log-returns of
two assets as an Ornstein-Uhlenbeck process.

» We compute the optimal position to take as a function
of the deviation from the equilibrium.

» This is done by solving the corresponding the
Hamilton-Jacobi-Bellman equation.



Formulation

» Assume a risk free asset M;, which satisfies
dM; = rM,dt

» Assume two assets,A; and B;.

» Assume B,follows a geometric Brownian motion.
dB; = uB;dt + oB;dz;

» x;is the spread between the two assets.
x; = logA; — log B,



Ornstein-Uhlenbeck Process

» We assume the spread, the basket that we want to
trade, follows a mean-reverting process.
dx; = k(6 — x;)dt + ndw;
» 0 is the long term equilibrium to which the spread
reverts.

» k is the rate of reversion. It must be positive to ensure
stability around the equilibrium value.



Instantaneous Correlation

» Let p denote the instantaneous correlation coefficient
between z and w.

Eldw:dz;] = pdt



Univariate Ito’s Lemma

» Assume
dXt —_ ‘thdt + O-tdBt
f(t, X;) is twice differentiable of two real variables

» We have

of Of = 0.2 0%f
df(t'Xt) - (E-I_‘utax-l_ ; dx2

)dt + 0. 2LdB,



Log example
» For GBM, dXt — ,LlXtdt + O-XtdZt, d logXt =7

» f(x) =log(x)
af

4 E =(
af
Ix
0°%f 1

>_ —_—

J0x2 x2

» dlogX, = (,uXt— + (JXt)Z (— Xl )) dt + oX, ( ) dB,

t

1
X

» = (k=2 dt + odB,
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Multivariate Ito’s Lemma

» Assume
X = (X14, Xop, -+, Xyt ) is @ vector Ito process
f(x1e, %01, 0+, Xne) is twice differentiable

» We have
df(Xlt;XZt; nt)
= - 1axlf(X1t’X2t" Xne)dX;(t)

Z 121 15y ax]f(Xlt»XZt»” nt)d[Xu ]](t)
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Multivariate Example

<
<

4

logA; = x; + log B;
A; = exp(x; + logB;)

94r — exp(x; + logB;) = A;
axt

dAr _ 1 A
35, = exp(x; + logB;) 5 =B
0%4; 0A

— t:At

axtz 6xt

824, 0 (At) _
B> 9B \B.)

%Ay 0 (6At) 0Ar  Ag
aBtaxt_aBt

12



What is the Dynamic of Asset A.?
» 0A; =

0A¢ 0A¢
22 gy, 4+ 228
0x t+

9B,

1 0%A;
dB; + > D2

0% A;
9B, 0x (dx¢)(dB¢)

» = A,dx, + ';—ZdBt +2Ac(dx)? + ‘;—Z (dx,;)(dB,)

(dx.)? +

» = Ac[k(6 — x)dt +ndw,] + 2t [uBdt + 0B dz,] +
t
ZAm%dt + 2 pnoB,dt
2 B¢
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Dynamic of Asset A,

» 0A; = Aflk(0 — xp)dt + ndw;| + A udt + odz;] +
%Atnzdt + A.pnodt

» = A, [k(@ —x;) +u+ %772 + pna] dt + A;ndw; +
Asodz,

» = A f|u+ k(O = x) + 517 + po| dt + odz, + ndw,|
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Notations

» V;:thevalue of a self-financing pairs trading portfolio
» h;:the portfolio weight for stock A

» h, = —h,:the portfolio weight for stock B
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Self-Financing Portfolio Dynamic

b =
h, {[u + k(0 — xp) + %nz -+ pna] dt + odz, + r]dwt} —
h{udt + odz:} + rdt

dA ~ dB dM
htalal 3 + ht il + =t
At B¢ M¢

= h;

» = h; {:k(@ — x;) + %nz + pna: dt + nda)t} + rdt

y = {ht :k(@ — x;) + %nz + pna: + r} dt + hyndw;
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Power Utility

» Investor preference:
U(x) =xY
x=0
O0<y<l1
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Problem Formulation

» max E[V:"], s.t.,
t

» V(0) = vy, x(0) = x4
dx; = k(0 — x;)dt + ndw;

» dVy = hidxy = h k(0 — x;)dt + hyndw,

» Note that we simplify GBM to BM of V;, and remove
some constants.
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Dynamic Programming

» Consider a stage problem to minimize (or maximize) the
accumulated costs over a system path.

Cost = C3 + Z%:O Ct

> time



Dynamic Programming Formulation

» State change: xy4+1 = fir (X, Uk, Wx)
k:time
X : state
uy: control decision selected at time k

Wy, : a random noise

: N-1
» Cost: 9N (xN) + Zk:O Ik (xkl Uk, Cl)k)
» Objective: minimize (maximize) the expected cost.
We need to take expectation to account for the noise, wy,.
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Principle of Optimality

» Let ™ = {uo™*, 11", -+, Uy—1 "} be an optimal policy for
the basic problem, and assume that when using ", a
give state x; occurs at time i with positive probability.
Consider the sub-problem whereby we are at x; at time
i and wish to minimize the “cost-to-go” from time i to
time N.

E{gn(xn) + 2R=0 g (X, g, 0i) }
» Then the truncated policy {&;, thi+1" =+, Un—-1"} iS
optimal for this sub-problem.
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Dynamic Programming Algorithm

» For every initial state x, the optimal cost J*(x; ) of the
basic problem is equal to J,(x,), given by the last step
of the following algorithm, which proceeds backward
in time from period N — 1 to period 0:

InCGen) = gn(xy)
» Jie(x) = r%}(n E{gr (e, i, 0i) + w1 (fie (e, wge, ) }
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Value function

» Terminal condition:
G(T,V,x) = VY
» DP equation:
G(t, Vi, xe) = th:X E{G(t + dt, Viyar, Xevae)}

G(t,Vy,xp) = max E{G(t,V;, x;) + AG}
t

» By Ito’s lemma:
AG =
Gedt + Gy (dV) + G (dx) + = Gyy (dV)? + = Gy (dx)? +
Gy (dV)(dx)
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Hamilton-Jacobi-Bellman Equation

» Cancel G(t,V;, x;) on both LHS and RHS.
» Divide by time discretization, At.
» Take limit as At — 0, hence Ito.

» 0 =max E{AG}
ht

» maxE {Gedt + Gy (AV) + Gy (dx) +3 Gyy (dV)? +3 G (d)? + Gy (dV) (dx)} =

0
» The optimal portfolio position is h; .
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HJB for Our Portfolio Value

» maxE {Gedt + Gy (AV) + Go(dx) +3 Gyy (AV)? +3 G (d)? + Gy (dV) ()} =
0

(G.dt + Gy (hk(0 — x.)dt + hyndw,) + G, (dx) +

» max E < 5 Gyy (hek(6 — x)dt + hendw,)? + Gy (dx)?2 + ¢ = 0

\ Gyx(hek(0 — x)dt + hyndw,) (dx)
f tht + Gv(htk(e - xt)dt + htndwt) + \
Gy (k(0 — xp)dt + ndw,) +
» maxE { %va(htk(g — xg)dt + hyndwy)? + s =0

% ex(k (0 — xp)dt + ndwe)? +
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Taking Expectation

» All ndw; disapper because of the expectation operator.
» Only the deterministic dt terms remain.
» Divide LHR and RHS by dt.

( Gt + Gv(htk(e — xt)) + A
1 1
4 mhax< Gx(k(9 o xt)) + EGVV(htn)Z + ngxUZ
t
\ +GVx(ht772) J

V
|
o
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Dynamic Programming Solution

» Solve for the cost-to-go function, G;.
» Assume that the optimal policy is h; .
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First Order Condition

» Differentiate w.r.t. h;.
» Gy (k(0 —x¢)) + he” Gyyn® + Gyen® = 0

Gy (k(0—x1))+Gyxn’
Gyyn?
» In order to determine the optimal position, h; ", we
need to solve for G to get Gy, Gy,, and Gy .

>ht*:_
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The Partial Differential Equation (1)

Gt -
Gy (k(0—x¢))+Gyn?
(AT 9z )+
Gx(k(H — xt)) +
¥ Gy (k(6—x¢))+Gyxn? 2 =0
1 2 1% t vxl
ZGVVr] ( Gyyn? ) t
1 2
E xxll™ —
Gy 1? Gy (k(0—x¢))+Gyxn®

Gyyn?
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The Partial Differential Equation (2)
G, —
Gk (6 — x,) Gy (k(0=x¢))+Gyxn® +

Gyyn?

Gx(k(H — xt)) +

|Gy (k(0—x¢))+Gyxn?
Gyyn?

=0

1 ]2
- +
2

1 2

E’ xxll™ —

Gy (k(0—x¢))+Gyan?
Gyy

Gy
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Dis-equilibrium
» Letb = k(6 — x;). Rewrite:

. Gyb+Gyxn® l[GVb'FGVxUZ]Z 1 2 _
r Gy = Gyb =0+ Geb 4 Gl
va GVb+GVx772 =0
Gyy
» Multiply by G, n?.

lmz = Gyb(Gyb -+ Gyar) + GebGyyr? +

» GGy
° + EGxxGVVn4 o
=0
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Simplification

» Note that

» —Gyb(Gyb + Gyxn®) + - [Gyb + Gyan?]? -
Gyxn?[Gyb + Gyyxn?] = —%(Gvb + Gyxn?)?

» The PDE becomes

» GeGyyn® + GebGyyn® + %GxxGVVU4 —
%(Gvb + Gyxn?)? =0
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The Partial Differential Equation (3)

1
» GeGyyn® + GybGyyn® + EGxxGVVn4 -
%(Gvb + Gyxn?)* =0
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Ansatz for G

» G(t,V,x) = f(t,x)VY
» G(T,V,x) =VY
» f(T,x) =1

» G =VYVf;

» Gy = yVVIf
» Gyy = y(y — DVY=*f
» G, =VYVf,

y Gyy = VVy_lfx

¥ Gux = VY frx
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Another PDE (1)

» VVfiy(y — DVY 2 fn? + VY by (y — DVY 2 fn? +
VY fy(y — DVY 2t —
S VYT b +y VYT )2 = 0

» Divide by y(y — 1)772V27’_2

fof + ibf + 2 fufn? = 5 (F2+ fin) =
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Ansatz for f

 Ffet b f 4 20 fux = 5 (B +0f) =0

2(y-1)
» f(t,x) = g(t) exp[xB(t) + x*a(t)] = g exp(xf + x*a)

» ft =
gtt exp(xf + x%a) + gexp(xp + x?a) (xB; + x%a;)

» fr = gexp(xf + x%a) (B + 2xa)

» fax =
gexp(xf + x%a) (B + 2xa)* + g exp(xf + x%a) 2a)
fx

) = = 2
r p+ 2ax



Boundary Conditions

» f(T,x) = g(T) exp[xB(T) + x*a(T)] = 1
» g(T) =1
» a(T) =0
» B(T) =0
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Yet Another PDE (1)

» gexp(xf + x%a) [g, exp(xf + x2a) + gexp(xf + x%a) (xB; + x%a,)] +
bg exp(xf + x?a) gexp(xB + x%a) (B + 2xa) +

%nzg exp(xf + x%a) [gexp(xf + x?a) (B + 2xa)? + g exp(xf + x*a) a)] —

2
z(yy—1) (%g exp(xB + x?a) + ng exp(xB + x*a) (B + 2xa)> =0

» Divide by gexp(xf + x?a) exp(xf + x%a).
v [ge + 9B + x2a)] + bg (B + 2xa) + 517 [g(B + 2xa)? + g(2a)] —

2
V_l)g <§ +n(B + 2xa)> =0

2(y

» ge + g(xBr + x%ay) + bg(B + 2xa) + %nzg(ﬁ + 2xa)? + n?ga —

2
14 b _
2(y_l)g <n +n(B + 2xa)> =0



Yet Another PDE (2)

oy
A= 2(y-1)

» g + g(xBe + x%a;) + bg(B + 2xa) +

2
%nzg(ﬁ + 2xa)? + nga — Ag (% +n(B + 2xa)> =0
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Expansion in x

» gr + gxPr + gxta, + bgp + 2xabg + %nzg(ﬁz + 4x%a? + 4xaf) + nlga —
2
Ag (% + 1262 + 4n?x2a? + 2bS + 4bxa + 4n*xaf ) =0
» gr+ gxBe + gxta, + k(0 —x)gp + 2xak(6 —x)g +
%nzg(ﬁz + 4x%a? + 4xap) + nga —
200_~+)2
Ag (k(i—zx) +n?B% + 4n*x%a? + 2k(0 — x)B + 4k(6 — x)xa + 4n’xap ) =0
» gr + gxBe + gxta, + kgBO — kgPx + 2xakgl — 2akgx? + %nzgﬂz +
2ntgx?a® + 2n*gxaf + n*ga — f’—‘gkzez + Zf]—‘zkzﬁx — ;_gkzxz — Agn?p? —
4Agn?xta? — 2AgkBO + 2AgkBx — 4AgkOxa + 4Agkx?a — 4Agn’xaf = 0
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Grouping in x

b + k 1.2 52 2
Egt g0 +5m7gB* +nga = 5 k?6% — Agn*B? — 24gkB6) +
gPBs — kgpB + 2akgf + angaﬁ + Zl_gkzg
(905 — 2akg + 2n%ga® — 29 k2 ge 0 T AGHA —AAgkOe 4/1g172a,3) X
t gtin“ga —?k _4’19772“2+47Lgka)x2 —0
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The Three PDE’s (1)

» ga, — 2akg + 2n°gat — 2—21{2 — 4Agn*a® + 4Agka =
0

v gB, — kgB + 2akgl + 2n2gaf + z%kze + 24gkf —
42gkBa — 4Agn*af = 0

1 A

» 9o+ kgBo +n7gh% +nPga — 5 k260% — Agn?p? -

21gkBO = 0
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PDE in
» ap + (2n? — 4AnH)a? + (4k — 2k)a — %kz =0

b a, = %kz +2k(1 = 2D)a + 2n%(21 — 1) a?

13



PDE in G, «
» Be — kB + 2n%af + 2 kB — 4Ancaf — 41kOa +
2%1«29 + 2akf = 0

> B =
(k — 2n%a — 24k + 4An“a) B +

42kOa — 22 k20 — 2ak8
( n )
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PDEinf, a, g
1 A
» 9o+ kgBo +n°gp* + n’ga — 12 k?67 — Agn?p? —
24gkB6 = 0
1 A
» g = —kgPO = n*gp? —n*ga + 3 k260% + agn*p? +
24gkBo

¥ gt =
g (—kBO —3n*B? = nPa + 5 k*6% + Mn*B? + 22kpB0)
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Riccati Equation

» A Riccati equation is any ordinary differential equation
that is quadratic in the unknown function.

b, = nizk2 +2k(1 = 2D)a + 2n%(21 — 1)a?
4 dy = AO +A1a +A2a2



Solving a Riccati Equation by Integration

» Suppose a particular solution, a4, can be found.

1. . .
ra=ap +-is the general solution, subject to some
boundary condition.
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Particular Solution

» Either a; or a, is a particular solution to the ODE.
This can be verified by mere substitution.

—AliJA12—4A2AO

4 d12 = 24,



z Substitution

» Suppose a = a4 + i

b G) = A, + A4 (a1 +1) + A, (a1 +1)2

= A, + (A1a1 + A, ;) (Azal + Ay + 24, )
y = A, + (A1a1 + A, ;) (A2a1 + Ay = + 24, )

r = (AO + Alal + 1 + (A1+ZZCZ1A2) + Z—2

goes to o by the definition of a;

49



Solving z

1 A14+2a4A A
(- (2
yA yA yA
1 . A +2a4A A
>——Z=(1 12)+—2
z?2 A z2

» 1storder linear ODE
Z + (Al + ZalAz)Z — _AZ

b 2(t) = —2— 4 Cexp(—(A4; + 2a,4,)t)

A1+2a1A2

50



Solving for a

1
> o = 4] + s
A1+2a1A2+CeX[X—(A1+2a1A2)t)

» boundary condition:

a(T) =0
» ap + - =0
1 A1+_21221A2+C@<ﬂ_(A1+2a1A2)T)
v Cexp(—(A; + 20, 4,)T) = — — + —22

C(l A1+2(Z1A2
1
» C = eXp((Al + ZalAz)T) [ —

A1+2a1A2 aq

51



a Solution (1)

1
} a — al + _AZ
A1+2a1A2+CeX[X—(A1+2a1A2)t)

b =
a1 +
1
—A>
A1+2a1A2+eXp((A1+2a1A2)T)L41+2“1A2 alleXp( (A1+2a1A2)t)
1

»=ay 3,

. Ay 1 ]
A1+26(1A2+eXp((A1+2a1A2)(T t))[A1+2061A2 aq

ai(A1+2a,43)
—14A> +eXp((A1 +2a1A2)(T—t))(a1A2 —A1—2a1A2)

>:a1+
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a Solution (2)

ax1(A1+2a.A
y o = al + 1( 1 1 2)
—a1A2+eXp((A1+2a1A2)(T t))( A1 alAz)
i A1+2a.A
pb = (11 1 — 1 1=z
A +€XP((A1+2a445)(T- t))( +A2)_
214‘2“1
p = al 1 — 2

1+(a1A2+1)eXp((A1+2a1A2)(T t))
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a Solution (3)

» a(t) =

54

2n2

|1V +-

2

1-y

+(1-

2

11—y

Jexp( 25

7o)




Solving

 Be = (k= 2n*a — 22k + 4Mn*@)B + (42k0a — 255 k260 — 2ako)

» Lett =T —t

» B(®) = B(T — 1)

» (1) = =B (7)

b =@ = Be@ = (k - 2n2a(r) — 22k + 42n%a(D)B (@) +
(42k6a(r) = 27520 — 2a(x)k0)

4 ,[?T(T) =
(=k + 2n@ + 22k — 4An?@)f + (—42k6@ + 2%189 +28k0)

> BAT(T) =
(@A =Dk + 2n*a(1 - 21))B + (2ak6(1 - 22) + 25 k%0)
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First Order Non-Constant Coefficients
» B = B1B + B,

B,(7) = (24 — Dk + 2n2&(1 — 22)

B, (1) = 2ak6(1 — 21) + 2;—2k29



Integrating Factor (1)

» pr —B1f = B,

» We try to find an integrating factor u = u(7) s.t.
= (up) = uE+ pE = uB,

» Divide LHS and RHS by uf.
1dB . 1du B,
Bar ' war B

» By comparison,
1du

B, ===
1 u dt
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Integrating Factor (2)

> f—BldT=fi—”=logu+C

» u = exp([ —B,dt)

~ B,dt+C
} ﬁ:f‘u 2aT
U
A ex —B,du)B,dt+C
) ﬁ:f p(f 1 )2

exp([ —B1d7)



£ Solution

5 fOT exp(fOT —B;(u)du)B,(s)ds
P B = exp(fOT —B;(u)du)
» B(0) = ] ]
exp(fo B, (w)du) Jy [exp(fo —B;(w)du) By(s)|ds + C

59



Bla BZ
» [ Bi()ds = [[[(22 — Dk + 2n*(1 — 2)a(s)]ds
y [, = for[exp(f: —B;(w)du) B,(s)]|ds



f Solution

oulir o)

»,B(t)——(1+,/ v)

1+1-— F]exp(

61




Solving g

» gt =
g (—kBO — 30?82 = nPa + 5 k*6% + n?B? + 22kp0)
» Witha and f solved, we are now ready to solve g;.

gt _
> p G(t)

d
g g(loggt) :%: G
» logg, = [ Gds + C

» g: = Cexp([ Gdt) = exp (— fOT Gds) exp (fot Gds)
» g = exp (— ftT Gds)

62



Computing the Optimal Position

_ 2
> h(t)* — _ GV(k(9 xt))+GVx77

4

v

4

Gyyn?

VYT (R(B=xp))+y VY T fen?

(1 V)n

(1 )/)

y(y—1)VVY—2fn?

_ Vf(k(8=x0))+Vfen?

(y—-1)fn?
vV f(k(B—xp)+fn?

(- 1)n f

Nz 5z kO = x) + 292

[k(6 — x¢) +1*(B + 2ax)]

[——(xt 0) + 2ax + ,B]



The Optimal Position

— 5 (r = 0) + 2a(O)x + B
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P&L for Simulated Data

» The portfolio increases from $1000 to $4625 in one year.

Wealth
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4500 rl'
4000
3500
3000 lJ

2500
2000
")
1500 )
TT P
1000 N
500 4

mmmmmmmmmmmmmmmmmmmmm

Wealhis)

o R S et o i e S o R




Parameter Estimation

» Can be done using Maximum Likelihood.

» Evaluation of parameter sensitivity can be done by
Monte Carlo simulation.

» In real trading, it is better to be conservative about the
parameters.
Better underestimate the mean-reverting speed
Better overestimate the noise
» To account for parameter regime changes, we can use:
a hidden Markov chain model
moving calibration window
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